This paper deals with the critical issue of approximating the pre-exponential factor in semiclassical molecular dynamics. The pre-exponential factor is important because it accounts for the quantum contribution to the semiclassical propagator of the classical Feynman path fluctuations. Preexponential factor approximations are necessary when chaotic or complex systems are simulated.
I. INTRODUCTION
Semiclassical (SC) molecular dynamics is a well established molecular dynamics approach for including all quantum effects starting from classical trajectories. [1] [2] [3] Since its introduction, [4] the Semiclassical Initial Value Representation (SC-IVR) formulation of the semiclassical propagator in the coherent state representations [5] [6] [7] has become a molecular dynamics tool that embodies accuracy and, at the same time, practicability. SC-IVR depends only on local potential and it is very promising for the future, since it has been implemented with "on the fly" direct molecular dynamics approaches, [29] [30] [31] [32] [33] [34] [35] [36] allowing for calculations when an analytical fitting of the Potential Energy Surface (PES) is not possible.
This aspect is fundamental when pursuing the simulation of complex systems, where the high number of degrees of freedom does not allow for a compact analytical PES formulation. [37] [38] [39] [40] [41] [42] [43] [44] The main stumbling block of the SC-IVR propagator is represented by the pre-exponential factor, which we will describe below. Several approximations has been employed in the past to obviate this limitation. Analytical considerations includes the linearization of the propagator (LSC-IVR) that can be derived also using Wigner's transform of the quantum operators involved, [19, [45] [46] [47] [48] [49] [50] [51] , the interaction picture, [40, 52] or the Forward-Backward FB SC-IVR approximation, which is suitable for correlation function calculations. [17, [53] [54] [55] ] Also, the pre-exponential factor can be partially suppressed in a series expansion of the propagator, [15, 56, 57] or totally suppressed in the amplitude-free quasicorrelation function.
[58] Numerical considerations lead to the introduction of filtering techniques, such as the one by Filinov [54, 59] or the time averaging one in the instance of spectroscopic calculations. [27, [29] [30] [31] [32] [33] [60] [61] [62] [63] [64] Considering that during "on the fly" direct dynamics semiclassical simulations, the calculation of the Hessian, necessary at each time-step for the pre-exponential factor calculation, is the computational time bottleneck, a compact finite difference (CFD) numerical approximation for the Hessian has also been implemented. [32, 61] In this paper, after introducing the origin and the physical importance of the semiclassical pre-exponential factor, we extensively test different approximations to the pre-exponential factor and introduce new ones. The tests are performed on both artificial chaotic systems and real molecules, in order to give a complete overview of the range of applicability of the approximations and provide a reliable tool for complex system simulations. The following Section presents the motivations of this work and Section III recalls the SC-IVR expression for power spectra calculations. Section IV illustrates the adiabatic approximation of the preexponential prefactor, which still implies the numerical integration of the pre-exponential factor components. Section V recalls the "poor person's" approximation. Section VI formulates the log-derivative representation of the pre-exponential factor which leads to a set of approximations like the harmonic approximation (Section VI A), Johnson's approximation (Section VI B), one approximation designed by Miller (Section VI C) and, eventually, our new approximations at the end of the same Section. Numerical approximation of the preexponential factor are presented in Section VII and numerical tests follow in Section VIII, both for model chaotic systems (Sections VIII A and VIII B) and molecules (Sections VIII C, VIII D, VIII E, VIII F). Section IX concludes the paper.
II. MOTIVATION
In the Feynman's path integral representation, [65] the quantum propagator going from the starting point q 0 to the final one q t is formulated as a collection of paths 
where S t [q 0 , q t ] is the action functional for time t and D [q (t)] is the differential over all possible paths (even the infinity length ones!). The main obstacle to the numerical integration of Eq. (1) is given by the oscillatory integrand. A common strategy is to approximate the integral (1) to the contribution that comes from the paths where the phase is stationary, i.e. δS t [q (t)] = 0, provided that starting and ending points are fixed. In this case, Eq. (1) becomes
where the sum is now restricted to the classical paths from q 0 to q t and S cl t (q 0 , q t ) is the action of the classical paths. It is important to stress that Eq.(2) is the embrio of several semiclassical approximations and it accounts not only for the classical paths contributions, but also for the vicinity of each path via second order path fluctuations. The goal of this paper is to determine how important these fluctuations are to "sew quantum mechanical flash onto classical bones" [65, 66] and, thus, for an accurate quantum mechanics description of molecular vibrations and molecular dynamics in general.
By performing the integration in Eq.(2), the van Vleck propagator is derived 
where the integral is now a sum over all classical trajectories going from q 0 with initial momentum p 0 to q t in an amount of time t for F degrees of freedom. ν is the Maslov or Morse index and it takes into account the number of times along each trajectory that the determinant in Eq. (3) diverges. The squared root in Eq. (3) is usually termed as the "semiclassical pre-exponential factor" and it embodies the second order path-fluctuations of Eq.(2). Unfortunately Eq. (3) is plagued by the improbable task of finding classical trajectories with fixed boundary values and the integrand diverges whenever the determinant is zero. The semiclassical "Initial Value Representation" (SC-IVR) trick introduced by Miller [4] avoids these issues by writing the wavefunction evolution in terms of the classical paths and the sum over the classical paths as a phase space integration which includes the Jacobian accounting for the change of variable
In Eq.(5), no root search is required and the zero of the determinant at caustics is not a numerical issue anymore. The second order path-fluctuations are now represented by the square root term in Eq.(5), which quantifies how much the final position depends on the initial momentum.
A natural representation of the wavefunction in Eq. (5) is given by coherent states of the type
where γ is the coherent state width diagonal matrix containing time-independent coefficients.
This frozen Gaussian-dressed semiclassical dynamics idea was introduced by Heller [5] and later implemented by Herman and Kluk [6] and Kay, [7] in the case of the SC-IVR propagator of Eq.(5). The final expression for the quantum propagator is
where we have dropped "cl" for the classical action S t (p 0 , q 0 ) and the original second order path-fluctuation of Eq.(2) is now equal to
where M, etc., are elements of the F × F monodromy (or stability) matrix [67] 
In a system following the classical Hamilton equations of motion for (p t , q t ), as enforced by the stationary condition of the action S t (p 0 , q 0 ) of Eq.(2), the evolution of the monodromy matrix in Eq. (9) is
where
t is the local Hessian, V (q t ) is the potential of the system, and m
−1
is the inverse of the mass tensor and it is equal to the identity in mass-scaled coordinates.
The SC-IVR of Eq.(7) has been successfully employed in many fields using several variants. It provides a globally uniform asymptotic approximation to the quantum propagator.
Each monodromy matrix element describes the dependency of the phase space trajectory (p t , q t ) with respect to its initial conditions (p 0 , q 0 ). Thus, the matrix M is the classical representation of the quantum fluctuations about a classical trajectory. [68] Unfortunately, the semiclassical pre-exponential factor poses two main serious issues for the application of the SC-IVR propagator to complex systems. First, the calculation of C t (p 0 , q 0 ) represents the bottleneck as the dimensionality of the problem increases, because the numerical effort per trajectory has an unfavorable scaling with respect to the number of degrees of freedom. Then, for chaotic dynamics, the monodromy matrix elements become exponentially large, with the exponent being the Lyapunov number, which is needed to properly account for the strong dependency on the initial conditions. This amplifies the oscillatory behavior of the phase space integrand and undermines the accuracy and feasibility of any numerical approaches to evaluate the phase space integration necessary to obtain the semiclassical propagator. [69] The only way out rather than exponentially improving the number of trajectories to have the chaotic trajectories contribution mutually cancelled, [70] it is to find reasonable approximations for the calculation of C t (p 0 , q 0 ). The goal of this paper is to provide suitable approximations to avoid the pre-exponential factor to become huge. However, such an approximation cannot simply consist in the complete neglect of the pre-exponential factor, which would generally be a very rough and so not desirable approximation. In fact, in the expansion of the Schroedinger equation solution given by Miller and Kay, [9] the semiclassical propagator (and thus the pre-exponential factor) appears at zero-th order. Furthermore, also in the perturbation approach of Pollak and co-workers, C t (p 0 , q 0 ) turns out already in the unperturbated zero order term. [71] Kay [70] has proposed to simply remove the trajectories that are unstable and that cause the trouble, whenever along the evolution
where D t is a time dependent or independent quantity. One can choose D t according to the target value. In our cases, the target values are the vibrational energy levels and a D t equals to the number of trajectories does not perturb our results. In this procedure, discarded trajectories still contribute to the Monte Carlo phase space integration at times preceding the rejection. Thus, also chaotic trajectories contributes to the propagator, but at shorter times. When rejecting trajectories in the Monte Carlo integration of Eq. (7), one should ask himself if enough trajectories would survive the removal process to provide any useful semiclassical information. Miller and coworkers [72] came up with a numerical approach borrowed from quantum scattering calculations. They formulate the pre-exponential factor evolution in terms of log-derivative quantities. On one hand, this approach avoids the branch cut problem which has hampered other formulations. On the other, the numerical issues induced by the chaotic dynamics still remains. Another possible solution is the "poor person's" approximation. [73] Here, the pre-exponential factor is taken to be constant with respect to the phase space Monte Carlo integration and approximated to the one of the most probable trajectory, according to the Husimi distribution of the integrand in Eq.(7).
Unfortunately, none of these procedures completely eliminate the problems arising from chaotic trajectories and practical schemes need to be developed in order to adopt the semi-classical propagator for obtaining quantum information of complex systems. The present work tests previous approximations of the pre-exponential factor C t (p 0 , q 0 ) and proposes new and more efficient ones, and shows advantages with regard to previous approximations.
III. SC-IVR EXPRESSION FOR POWER SPECTRUM CALCULATIONS
In this paper, the accuracy of the pre-exponential factor approximations will be tested by looking at the power spectrum I (E) of several models and molecular systems. I (E) is defined as
where |χ is a reference state of the type |p eeq andĤ is the Hamiltonian of the system.
We choose q eq to be the global minimum position vector with respect to the potential energy ofĤ and p eq is taken such that p 2 eq,j /2m = ω j (n + 1/2), where ω j is the frequency of the j − th normal mode. The semiclassical expression of χ e −iĤt/ χ is reported in Eq. (7) and the matrix γ of (6) is taken to be diagonal and constant in time, with γ j = mω j / for the j − th mode. The SC-IVR expression for the power spectrum calculations is obtained by substituting Eq. (7) into Eq.(12) to obtain
Several approaches has been introduced to speed up the phase space integration of Eq. (13) . [29, 53, 60, 74] Here we employ the time-averaging filter to reduce the number of phase space trajectories needed for the convergence of Monte Carlo integration. An additional time integration is inserted in Eq. (13) , and the phase space average is performed for a time-averaged integrand. After approximating the pre-exponential factor as
, the following time averaged semiclassical expression for the power spectrum of Eq.(13) can be obtained
Clearly, the longer the time-averaging T is, the greater is the advantage of the time filter.
IV. THE ADIABATIC PRE-EXPONENTIAL FACTOR APPROXIMATION
The idea of the adiabatic approximation of the pre-exponential factor C t (p 0 , q 0 ) by Miller and coworkers [75, 76] is to assume that the monodromy matrix elements are adiabatic with respect to each other. The instantaneous normal mode framework is enforced by the diagonalization of the Hessian at each time-step. First, the auxiliary variables
are introduced, and the equations of motion of P t and Q t are
where initial conditions Q 0 = 1 and P 0 = −i γ can be obtained from Eqs. (9) and (10).
Then, the pre-exponential factor of Eq.(8) becomes
This formulation is still exact. The set of instantaneous mass-scaled normal mode coordinates is calculated at each time step by the matrix U t such that
where ω 2 t is the instantaneous diagonal Hessian matrix. In the adiabatic approximation the time derivatives of U t are neglected and the new transformed matrices
remain diagonal at all times t. The system of equations (17) for the new variables of Eqs.
(20) and (21) becomes a set of F −independent one-dimensional second-order differential equations. Finally, the expression of the pre-exponential factor in the adiabatic approximation is
whereQ t (j, j) andP t (j, j) are the diagonal elements of the matrices respectively defined in Eqs. (20) and (21) The basic advantages of this approximation is to reduce the computational cost. However, integration of Eq. (17) is still sensitive to the initial conditions and problems related to chaotic dynamics will hinder a straightforward application of Eq.(22).
V. THE "POOR PERSON'S" APPROXIMATION
A more drastic approximation is the "poor person's" one, that we will abbreviate as "PPs". [73] This approximation is motivated by the observation that the approximated propagator should (i) be exact for harmonic systems, (ii) be not very sensitive to the choice of the coherent states width parameter, (ii) be local in the potential, and (iv) retains normalization. Given the conditions (i)-(iv), the approximation should also save computational time, making complex systems simulations possible. The PPs formulation approximates Eq. (7) as
where the phase point (p eq , q eq ) is the location of the coherent reference state |χ and the center of the Husimi distribution employed for the Monte Carlo phase space sampling. In this way, the pre-exponential factor C t is calculated for a single (and the most probable)
trajectory and enforced to all the others. Eq. (23) is exact for the harmonic oscillator, where C t does not depend on the phase space initial coordinates. The monodromy matrix still needs to be calculated for the trajectory starting at (p eq , q eq ) and the approximation can not be applied when the system is so chaotic that the monodromy matrix of that single trajectory can not be evolved. The PPs approximation is particularly advantageous for "on the fly" simulations, where the Hessian calculation is very demanding.
VI. THE LOG-DERIVATIVE FORMULATION OF THE PRE-EXPONENTIAL FACTOR AND ITS APPROXIMATIONS
To overcome the numerical issues of the monodromy matrix evolution described above,
Miller and coworkers wrote the evolution of the pre-exponential factor C t (p 0 , q 0 ) using the log-derivative formulation. [72] The log-derivative matrix R t is defined by
and it is properly defined since det (Q t ) is never zero. [7, 70] The pre-exponential factor can now be written as
and one is left with the calculation of the matrix R t at each time step. By deriving Eq. (24) on both sides with respect to time and using Eq.(17), the equation of motioṅ
is what must be solved for the calculation of the pre-exponential factor. No approximation has been introduced so far and Eq. (25) is an exact formulation of the pre-exponential factor.
The issues related to the stability matrix for chaotic systems are hidden inside the integration of the Riccati's equation (26) . A possible simplification is to assume that the force constant matrix K t is slowly varying and one can set the squared root in Eq. (25) equal to unity.
However, this approximation does not remove the numerical issues related to chaotic motion.
For these reasons, one should better employ the following approximations.
A. The Harmonic approximation
This is a crude approximation which is equivalent to take at any time in Eq. (26)
where ω 2 o are the diagonal Hessian matrix elements at equilibrium position. Since, for harmonic oscillators, the coherent state width matrix γ is constant and equal to mω 0 / , the solution of Eq. (26) is analytical
and the pre-exponential factor is approximated as
where ω 0,j is the harmonic frequency of the j − th mode. The same result can be obtained by inserting K 0 into Eq. (10) and solving the set of differential equations.
B. The Johnson Multichannel approximation
To improve the accuracy of the harmonic approximation, one can naively replace in Eq. (29) ω 0,j t with´t 0 ω τ,j dτ , i.e. the initial harmonic frequencies with instantaneous ones and consider the integral over time. A more elegant way to reach the same conclusion is to assume that the termṘ t in Eq. (26) can be disregarded since the log-derivative matrix R t is much more slowly variant than Q t . The equation solution of Eq.(26) becomes
where the minus sign has been chosen to satisfy the initial conditions R 0 = −i γ. By inserting Eq.(30) into Eq.(25), the following approximation is obtained
The pre-exponential term in Eq. (31) is also slowly variant and by approximating each matrix element ratio
the Johnson's "multichannel WKB" approximation of the semiclassical pre-exponential factor is derived
Eq.(33) approximates the pre-exponential factor as the phase arising from the local zeropoint energy along the trajectory. This approximation has already been employed in the past. [36, [77] [78] [79] [80] A possible accuracy improvement of the Sec.VI A is the following perturbative approach.
We initially follow Miller and coworkers, [72] and we assume that R t is given by the harmonic value in Eq. (28) corrected by a perturbation term ε
By inserting (34) into the Riccati's equation (26), and assuming the perturbation constant in time, i.e.ε ≈ 0,
and neglecting the higher order terms in ε, the following expression for the perturbation term is obtained
The resulting approximation of the log-derivative matrix (24) is
as previously suggested by Miller. [72] Eq.(37) will provide the approximate pre-exponential factor once inserted into Eq. (25) . Since the Hessian K t is always real, the expression of R
(1) t in Eq. (37) is purely imaginary. This pre-exponential factor approximation mainly differs from the harmonic (29) and Johnson's (33) ones in the exponential term, which is linearly dependent on the Hessian.
We now want to systematically improve the approximation (37) . The idea is to use Eq.(37) as a more accurate solution than the harmonic one (28), insert it into the Riccati equation and obtain a new perturbative correction. A new solution will be obtained by iteratively using the new correction as an initial guess. We start by inserting
into (26), and disregard higher order and time-derivative terms of ǫ and Hessian timederivatives. We obtain the following equation
which brings
Then, the substitution of Eq. (40) into Eq.(38) provides the expression
Again, this solution is purely imaginary and the dependence on the Hessian matrix is more complex than previous ones. Eq. (41) is better written in terms of R
We can now look for the next order R
t + ε by inserting this guess into the Riccati's equation, take zero time derivative for K t and ε as usual, and disregarding the higher order perturbation terms, we obtain
and, in the same fashion, one can find
By induction, the final n−order correction of the harmonic log-derivative matrix is in closed form equal to
We stress that Eq. (45) is not the formal solution of the Riccati equation (26), even if it is a closed form for an n − th order perturbation correction, because it has assumed that the Hessian is constant, i.e.K t ≈ 0, throughout the derivation.
VII. NUMERICAL APPROXIMATIONS
An alternative route with respect to the analytical approximations presented in the previous Sections, is to perform numerical approximations. We consider two possibilities, the Log-derivative symplectic integrator and the monodromy matrix regularization. We employ either one of these numerical approximations as an alternative to the analytical approximations.
A. Log-derivative symplectic integration
Another approach to solve the evolution of the monodromy matrix elements in presence of chaos is to employ high order numerical algorithms. We usually employ the 4th order symplectic algorithm described in Appendix of Ref.
[18](c), and originally due to Calvo et al., [81] to solve Eq. (10) . One can similarly use such an accurate algorithm to solve the Riccati equation instead. Manolopoulos and Gray [82] showed that the system of equations
does this task when suitable coefficients a k and b k [82] are employed (X is an auxiliary variable). We implemented Eq. (46) in our calculations. The results indicate that when the trajectory is experiencing a chaotic potential, the numerical calculation of the log-derivative R t cannot be managed, similarly to the case of the monodromy matrix elements.
B. Monodromy Matrix regularization
Another route to deal with chaotic potentials is to introduce an artificial and ad hoc numerical method to tame the exponentially growing value of the monodromy matrix elements. A possible procedure is to monitor the monodromy elements at each time step.
After the diagonalization of the monodromy matrix, the degrees of freedom mostly responsible for the chaotic behaviour can be identified by looking at their complex eigenvalues.
More specifically, each element of the monodromy matrix can be written as
where u ik and u
ik are the elements of the U orthogonal matrix that diagonalizes the monodromy matrix and the sum over k is implied. The greater the modulus of an eigenvalue λ s is, the more sensitive to the initial conditions and chaotic the s−degree of freedom is. Then, a brute force regularization approach consists in setting either the most chaotic eigenvector or eigenvalue or both equal to zero in the following waỹ
where the s − th column and row is set to zero and a modified diagonal matrix is obtained
by setting to zero the s − th diagonal element of the Λ eigenvalues matrix. The criterion for setting the eigenvector or the eigenvalue equal to zero is when |λ s | ≥ ǫ thr , where ǫ thr is an arbitrary positive number. Considering that for unstable manifolds monodromy matrix eigenvalues are real, this criterion can be directly applied by checking the absolute value of the real eigenvalues. A tamed monodromy matrixM suitable for time evolution is then obtained by transforming back the modified eigenvalues matrixΛ using the modified orthogonal matricesŨM
A possible procedure for applying Eq. (50) is to monitor the larger real eigenvalues and apply either Eqs. (48) or (49) or both whenever this is above ǫ thr . Numerical tests showed either choice is equivalent. However, it may be necessary to apply the regularization to more than a single degree of freedom, when the system is very chaotic. We applied multiple regularizations when a single one failed to limit numerical divergence.
VIII. NUMERICAL TESTS
To assess the accuracy of the pre-exponential factor C t (p 0 , q 0 ) approximations introduced above, we consider both chaotic model potentials, as well as real molecular systems.
The chaotic potentials are the bidimensional Henon-Heiles potential [83] and a bidimensional quartic potential. [70, 85] (14) . When the pre-exponential factor is not approximated, the semiclassical trajec-
, which is a quite strict criteria for the accuracy of the monodromy matrix M (t) evolution, or using Kay's ad hoc method of Eq.(11). In alternative, when using the numerical regularization of Subsection VII B, we tested different threshold values for the highest monodromy matrix eigenvalue, and we found out that ǫ thr = 1.15 × 10 3 is high enough to not perturb vibrational spectra for both model and molecular systems. This set of examples will allow the reader to fully appreciate the accuracy of the approximations for future applications, not only for models but also for real molecular systems. In the following, unless specified, atomic units ( = 1) are adopted.
A. Bidimensional Henon-Heiles potential
Our first example of a model chaotic potential is the bidimensional Henon-Heiles potential
where the mass and the harmonic frequencies are taken to be equal to unit. The λ parameter modulates the amount of chaos added to the otherwise harmonic motion. There are four stationary points for this potential. The minimum is at the origin and the others are saddle points. We choose to look at the power spectrum for two values of λ. One is λ = 0.11803, which is the same employed by others, [54, 83] and it represents a soft chaos motion. The other is λ = 0.400 and it reproduces a quite strongly chaotic motion, as far as we are aware never considered before in semiclassical dynamics. For case 1 and 2 below, the length of a typical semiclassical trajectory with an approximated pre-exponential factor is 5000 time steps of 0.1 a.u. each. Semiclassical results are compared with exact quantum mechanical Discrete Variable Representation (DVR) calculations. [84] Case 1: Soft chaos The power spectrum is calculated employing Eq.(13) and sampling 10 7 trajectories for the Monte Carlo integration, which is already enough for convergence.
The sampling is performed such that the position center is set equal to the equilibrium positions and the momentum center is located at the first harmonic vibrational level, i.e. as it should be for a soft chaotic regime. We find the two rejection criteria to be very similar in terms of accuracy, shape of the spectra and number of rejected trajectories. Instead, 10 6 trajectories are more than enough to converge the Monte Carlo integration for the calculation of the spectra using Eq. (13) in conjuction with the analytical and the numerical pre-exponential factor approximations described above. (f) refers to the harmonic pre-exponential factor of section VI A, the (g) spectrum is obtained by using R
t approximation of Eq.(37), (h) and (i) derive from our ansatzs presented in Section VI C and formulated in Eq. (41) and Eq.(43).We observe a quite good agreement between all approximations and the original SC-IVR calculations, both in peak position and intensity. The Johnson approximation can not be applied also in this case. In addition respect to Fig.(1) , we can apply the adiabatic approximation, since less trajectories are required for the time averaged spectrum. Energy / au t approximation (37) , and the harmonic oscillator one (29) are, as before, quite similar and they usually overestimate the exact and semiclassical results as expected, since they do not properly account for anharmonicity. Also the PPs overestimates by about the same amount. The adiabatic approximation (22) in the fourth column is more accurate than the PPs, the Harmonic and R (1) t ones, but still overestimates the original SC-IVR values. Finally, the ansatzs of Eq. (41) and (43), are the better performing pre-exponential factor analytical approximations and quite similar to the adiabatic one, where no harmonic assumptions have been introduced.
Case 2: Strong chaos
We now look at a strong chaotic motion scenario by increasing the value of the coupling term to λ = 0.4. For this value of λ, states above the ground one are quasi-bound and complex valued. Nevertheless, the SC-IVR can reproduce the real part of the vibrational eigenvalues. In the case of Eq. (13), due to the high rejection ratio, we sample 10 8 trajectories in conjunction with the det M T (t) M (t) and Kay's criterium, while 10 7 trajectories are more than enough for the prefactor approximated spectra calculation. The system is so chaotic, that Eq. (50) could not avoid the monodromy matrix elements numerical divergence to infinity when applied either to the modulus of the biggest real eigenvalue or to the moduli of the real eigenvalues greater than ǫ thr . The PPs approximation lead to a spectrum which is too noisy to find peaks, and for this reason we choose to do not report it in Fig. (3) . Each peak value is reported in Table (III) .
Again the two rejection criteria seem to lead to very similar spectra.The present approximations show comparable results and better than the Harmonic and R (1) t ones. The spectra are reported in Fig.(3) . In the case of TA-SC-IVR calculations we sampled 50000 trajectories for the Monte Carlo integration of Eq. (14) rejecting 91% of the trajectories when using both rejection criteria. Instead, 5000 trajectories are enough for the approximated pre-exponential factor calculations. All power spectra are reported in Fig. (4) and each peak value is reported in Table (IV). The original semiclassical values reported in the second column are less accurate in this case. Nevertheless, the MAE is still about 3% the zero point energy value. As in the Herman-Kluk calculation of Eq. (13), it is not possible to obtain the spectrum with the monodromy matrix regularization. Once again, the harmonic and R Table IV . Henon-Heiles potential with λ = 0.4. Column labels as in Table (II stressed above, the pre-exponential factor approximated results should be compared with the SC-IVR column and the better MAE of the last PPs approximation is probably due to compensation of errors. Finally, the strong chaotic regime confirms the better level of accuracy of the perturbative recursive approximations of Eqs. (41) and (43). 
B. Bidimensional quartic-like potential
We now consider an even more severe chaotic model, the bidimensional potential of two
Morse oscillators with a significant quartic potential contribution of the type
where q ≡ (q tuned according to the amount of chaos one wants to introduce. If we would had taken a pure quartic oscillator which has been studied in past years, [70, 85] on one side, we would have not had any Hessian term in the potential and the previous approximation could have not been tested. On the other side, this would not be realistic since ab initio calculations of equilibrium properties of real molecule is such that Hessian and normal modes can be calculated. As in the case of the Henon-Heiles potential, we consider two values of coupling λ, which correspond to small and strong coupling. Energy / cm
(f) (g) Figure 5 . Power spectrum of the potential (52) with λ = 10 −6 using Eq. (13) and its approximations. We run 10 8 trajectories to overcome the high rejection rate, which is 97% for the 1 − det M T (t) M (t) > 10 −3 criterium and 96% using Eq. (11). Instead, for the approximated prefactor approximations, 10 7 classical trajectories are enough since there is no rejection in this case. Each trajectory is 5000 time-steps long, and each time-step is 10 a.u. long.
The Herman-Kluk spectra of Eq. (13) the PPs approximations of Secs. (VI B), (IV), and (V) respectively, lead to too noisy spectra for energy levels to be detected. The harmonic approximation results are very similar to the uncoupled energy levels, while approximation of Eq.(37) and our proposed ones of Eqs. (43) and (41) give quite good results.
When calculating the spectra using the TA-SC-IVR expression of Eq. (14), we run 80000 trajectories when the rejection criteria are used, and 5000 trajectories when we use the approximations of the pre-exponential factor propagators. The numerical taming of Eq. (50) can not avoid the numerical issues when the cut-off is applied both to the modulus of the biggest real eigenvalue and to the moduli of the real eigenvalues greater than ǫ thr . Fig.(6) reports the power spectra at different semiclassical pre-exponential factor level of approximation using Eq. (14) . The (a) spectrum is the original TA-SC-IVR spectrum of Eq.(14) using 1−det M T (t) M (t) > 10 −3 , while the spectrum (b) is obtained employing the ad-hoc method of Kay (11) . The (c) spectrum is obtained using the Johnson's approximation (33) , the (d) spectrum is computed using the PPs approximation (23), the (e) spectrum the harmonic approximation (29) , the (f) spectrum using R
(1) t approximation (37), the (g) spectrum using R
t , and, finally, the (h) spectrum using R
t . The exact values are indicated as vertical magenta lines with intensity equals to the overlap between the SC reference state |χ and the DVR eigenvector, while the uncoupled Morse oscillators values are the vertical dot-dashed cyan lines. The adiabatic approximation couldn't be applied, since Eq.s (20) and (21) Since we want to test the pre-exponential factor approximations to even more extreme (and probably unrealistic) cases, we consider an even bigger coupling value between the Morse and the quartic part of the potential. We run the same number of trajectories of the previous case for the Herman-Kluk expression of Eq. (13) . With these values of λ, the regularization method fails because of the highly chaotic regime of the potential. This is proved by the high ratio of rejected trajectories, 99.1% and 98.6% found when the alternative (43) is more similar to the original TA-SC-IVR values. However, at any semiclassical level of calculation, the first fundamental is reproduced.
Overall, the present approximation of Eq. (43) is the most accurate in these model potential energy surface scenarios. We now turn into real molecules potential energy surfaces. 
C. H 2 O molecule
The water molecule presents strong intermode couplings. In the calculations presented here, we employ the PES provided by Bowman [86] and Eq. (14) . Each trajectory is 1000 time-step long with the single time step 10 a.u. long for a total of 8000 trajectories both with exact and approximated pre-exponential factor formulations. Previous calculations [29, 60] showed that phase space Monte Carlo convergence is reached already with 4000 trajectories.
To better identify each peak, we employ combinations of antisymmetric coherent states and break down each spectrum in partial spectra for each irreducible representation of the C 2v point group symmetry, as explained in previous publications. [31, 60] The spectra with different pre-exponential factor approximations are reported in Fig.(9) . For each approximation, the A 1 and B 2 irreducible representation spectra are reported in Fig.(9) with the same color.
This figure points out the major limitations of the harmonic approximation, in particular for the highest vibrational states. More specifically, the vibrational level of each state is reported in Table ( Energy / cm
(b) Figure 10 . The same as in Fig.(9) but for the CO 2 molecule. Each approximation includes the spectra of the A g , B 1u , B 2u and B 3u irreducible representations of the D 2h point group symmetry. [30] can be calculated.
D. CO 2 molecule
To test the accuracy of the approximations in the case of strong Fermi resonances, we choose as a test case the carbon dioxide molecule. [30, 87] We employ Chedin's potential [88] and compare with the exact quantum mechanical results by Vasquez et al.. [87] Each trajectory is 3000 time-steps long with a time-step 10 a.u. long. We employ 15000 trajectories for the phase space integration both with and without the pre-exponential factor approximations, which is by far enough for Monte Carlo convergence. Fig.(10) shows a good agreement between all approximations. Carbon dioxide has higher molecular weight than water and its dynamics is probably more classical. The harmonic oscillator approximation is again the less accurate one, followed by the PPs and R
t ones. Surprisingly, also the adiabatic is not very accurate. The present approxima- tions (R (2) t and R
t ) and Johnson's one are the most accurate and with almost no difference with respect to the original SC-IVR integration. The disappointing performance of the adiabatic approximation is probably due to the coupling of the CO 2 modes, which is intermediate between the fully adiabatic and diabatic regime. The numerical taming approach of Eq. (50) is as accurate as the reference SC-IVR calculation. Their similarity is explained by the small (0.6%) percentage of trajectory correction using Eq.(50) with respect to the 14% rejected by looking at the determinant of the monodromy matrix and 8% evaluating |C t (p 0 , q 0 )| 2 .
The numerical taming is employed no more than 4 times per trajectory.
Passing from 3 to 4 atom molecules, we choose to test the pre-exponential factor approximations with the formaldehyde vibrational spectrum, since this is a well tested case. Also, CH 2 O presents light atoms, as well as strongly coupled dynamics. We employ the PES designed by Martin et al. [89] and we compare our semiclassical results with the exact quantum mechanical calculations by Carter et al.. [90] We employ 24000 trajectories for the SC-IVR calculations without pre-exponential factor approximation (except for the basic one implied by the separable approximation) and we reject 82.5% with the monodromy matrix determinant criterion and 85.6% by using Eq. (11). Instead, 8000 trajectories are used for the approximated and numerically tamed pre-exponential factor. All trajectories are evolved for 3000 time-steps with a time-step 10 a.u. long for all simulations. The point group symmetry is C 2v , and spectra for all four irreducible representations are reported at each approximation level of accuracy in Fig.(11) .
The CH 2 O spectrum can be divided into a low energy region, populated by the fundamentals of four vibrational modes, and an higher energy region, where one can find the fundamentals of the remaining modes and several overtones. Since the accuracy of each approximation looks similar in Fig.(11) , we report in Tables (VII) and (VIII) each vibrational state value. 
t is very accurate. As far as the numerical regularization is concerned, the results are very good with respect to the exact values and the ordinary SC-IVR calculation.
A fraction of 20.8% of trajectories has been tamed and each one no more than 11 times. This percent proves once again that most of the chaotic trajectories rejected by the determinant criterion do not jeopardize the accuracy of the spectrum. In terms of chaotic motion, methane and dideuterated methane are quite challenging given the nine strongly coupled degrees of freedom and the light atoms dynamics. We employ the PES by Lee et al. [91] and compare with the exact quantum energy levels, [92] as done in previous semiclassical calculations. [60, (b) ] We employ 32000 trajectories for the SC-IVR calculation, out of which 88.8% and 88.7% are rejected using the monodromy matrix criterium, while 98.9% and 97.4% using the criterium of Kay, respectively for the CH 4 and CH 2 D 2 molecule. Instead, 14000 classical trajectories are used for the approximated and numerical tamed pre-exponential factor calculations. All trajectories are made of 3000 timesteps each, with the same time-step length as above and for all simulations. In the case of methane, the point group symmetry is T d . The spectrum of each irreducible representation is reported in Fig.(12) with the same color code as above and for different approximations. Table (IX) shows the low lying energy levels. These can be compared to the exact ones reported, as before, in the second column. The fifth column reports the regularization results, where 37.6% of the trajectories experienced a monodromy matrix regularization for no more than 21 times. This was enough to not reject any trajectory and reproduced the quantum mechanical results quite accurately. The PPs approximation is very similar to the harmonic one. Overall, R 
t approximation of Eq. (43) is overall more accurate than R (2) t and R (1) t . An harmonic approximation of the pre-exponential factor would be too brutal in this case and some of the peak signals are missing.
IX. CONCLUSIONS
The series of calculations reported above show the importance of the semiclassical preexponential factor of Eq.(8) to properly account for the quantum mechanical effects of the semiclassical propagator. Unfortunately, the semiclassical calculation of the pre-exponential Energy / cm 
